Analytical Approach to Predict the Magnetic
Field of Slotted Permanent Magnet Linear
Machines in Open-Circuit mode

Naghi Rostami*

Faculty of Electrical and Computer Engineering,
University of Tabriz, Tabriz 51666, Iran

29 Bahman Blvd., Tabriz, Iran
n-rostami@tabrizu.ac.ir

Amjed Alwan Albordhi

Faculty of Electrical and Computer Engineering,
University of Tabriz, Tabriz 51666, Iran

29 Bahman Blvd., Tabriz, Iran
amjed.albordi@tabrizu.ac.ir

Mohammad Bagher Bannae Sharifian

Faculty of Electrical and Computer Engineering,
University of Tabriz, Tabriz 51666, Iran

29 Bahman Blvd., Tabriz, Iran
sharifian@tabrizu.ac.ir

*Corresponding author

Original Scientific Paper

Abstract - This paper presents an effective method to calculate the magnetic field distribution of slotted Permanent Magnet Linear

Synchronous Machines (PMLSM) with surface-mounted magnets at no-load condition. 2D analytical expressions are employed to

make a prediction of magnetic field components. The method proposed in this article has significant advantages in terms of accuracy

compared to related studies. More harmonics can be included with new modifications in the analytical calculations. As a result,

a more accurate field prediction is obtained. In addition, slot effects are considered in the prediction of the magnetic field. Finite

element method (FEM) is used to assess the accuracy of the method.
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1. INTRODUCTION

Due to having many features such as high power
density, simple structure, direct drive capability, the ap-
plication of PMLSM:s is expanding in various fields such
as high-speed trains, CNCs, robotic arms, printing and
dispensing, pick and place, and engraving or cutting
equipment [1, 2].

Commonly, two different numerical and analytical
methods are used to design electric machines [3]. Al-
though numerical methods, such as the Finite Element
Method (FEM) [4], can calculate the critical quantities of
the machine considering its actual geometry, they can-
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not be effective in combination with iteration-based
optimization techniques due to their time-consuming
nature. Analytical calculation, if feasible, can be used as
a significant tool in simplifying the problem and reduc-
ing the computational volume.

In [5], an analytical method based on equivalent mag-
netization intensity has been presented taking the spa-
tial harmonics into account. In [6], the Magnetic Flux
Density (MFD) distribution is predicted by an image
method and a surface magnetic charge model for an
air-core linear motor. A segmented conformal mapping
method has been presented in [7] to predict the MFD
distribution of a PMLSM. Although this method is fast
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compared to FEM and its calculations are sufficiently ac-
curate, the computation time is slightly high due to the
presence of iterative loops. Another approach based on
an equivalent surface current method is introduced in
[8] for the magnetic field analysis of a PMLSM with trap-
ezoidal halbach arrays. The presented method is quite
simple, but its accuracy could be increased. In [9], to re-
duce the total computation time of a U-shaped PMLSM,
most of the FEM steps are replaced by a non-linear
equivalent circuit. Rahideh et al. [10] have performed
analytical magnetic field calculations considering differ-
ent magnetization patterns of slot-less PMLSMs. How-
ever, the calculations are not applicable for slotted linear
motors. A new analytical approach is presented in [11]
to calculate the MFD distribution and force of PMLSMs.
The calculations have been accomplished assuming that
the mover of the PMLSM s like a circle with an infinite ra-
dius of curvature. For a double-sided coreless PMLSM, an
analytical model combined with an optimization tech-
nique is presented in [12]. Similar to [11], this model can-
not be used to predict the MFD distribution of PMLSMs
comprising a slotted stator core.

Despite the aforementioned advantages of analytical
modeling, there are no sufficient studies carried out on
the topic. Most of the reported studies in this field have
focused on field calculations of core-less or slot-less lin-
ear motors or have presented complex methods that
involve heavy mathematical calculations and empirical
coefficients. This paper intends to provide an accurate
method for calculating the MFD of slotted PMLSMs at
open-circuit condition, which can be used in calculat-
ing other fundamental quantities of the machine, such
as induced back-EMF and produced cogging force.

Briefly, the main content of this article is as follows.

- Considered model has been divided into several
subdomains: 1) mover core; 2) magnets; 3) air gap;
4) slots; 5) stator core.

- The equations governing considered regions are
expressed.

«  The exact 2-D analytical approach is used to solve
the Partial Differential Equations (PDEs).

« Boundary conditions are applied to obtain un-
known integration constants.

It is noted that although some recent works employ
analytical models for machine design problems [7, 8],
the proposed framework in this paper has significant
advantages in terms of the accuracy of the model due
to adding slot effects in magnetic field prediction and
making novel changes to reduce the computational
burden of the exponential functions which a higher
number of harmonics can be included in calculation.

The paper's structure is as follows; the problem is for-
mulated in section 2. The drawn results are compared
with FEM, in section 3. Finally, in the last section, the
conclusion is made.

2. PROBLEM FORMULATION

To find an analytical answer, a set of assumptions
should be considered to simplify the problem. It is as-
sumed that the magnetic vector potential has only the
z component, i.e, magnetic vector potential A=[0, O,
Az(x, y)], because the magnetic flux density vector B
and magnetic field intensity vector H have only per-
pendicular and tangential components. End effects are
neglected. The magnetization vector of magnets does
not have z component. The permeability of iron cores is
considered as infinite [10, 11, 13]. The sides of the slots
are along the y-axis. Eddy current is ignored.

As illustrated in Fig. 1, the domain of the problem is
divided into mover core, PM, air gap, Ns slots and sta-
tor core regions based on the flux direction, machine
geometry, and magnetic/electrical properties of each
region. Ns is the slot's number. Generally, the following
steps are required to calculate MFD distribution.

In order to achieve an analytical solution, Neumann
and continuous boundary conditions are defined.

According to the assumptions and Maxwell’s equa-
tions, the governing PDEs are derived for each sub-
area.

- The magnetization function is written as a Fourier
series expansion.

«  Depending on the kind of PDEs of each subarea,
a homogenous and particular solution is found to
satisfy the boundary conditions.

«  To validate the method, the consistency of the re-
sults obtained is shown in comparison with FEM.
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Fig. 1. Regions and spatial paprameters of the considered PMLSM

2.1. GOVERNING PARTIAL DIFFERENTIAL
EQUATIONS

According to the basic principles of electromagne-
tism and Gauss's and Ampere's laws, as well as consid-
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ering the defined sub-domains, Poisson’s and Laplace’s
equations can be expressed as (1) and (2) in the open-
circuit case.

VA" = 0,i={a,s, },k =12,.,N, (M
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VA" = -,V xM (2)

where yO is the free space magnetic permeability, and
M=[Mx(x), My(y), O] is the magnetization vector. In (1)
and (2), the air gap, slots and magnet regions are indi-
cated by superscripts g, s,, and m, respectively. (1) and
(2) can be rewritten as

0’4 A

o op? -0 )
2 45,k 2 45,k
6;22 +aa’;; =0,k=12,.,N, (4)
oAl +62A;" _ (oM, oM, s
ox* oy’ '\ oy ox ()

2.2. BOUNDARY CONDITIONS

In this study, two types of boundary conditions are
considered [10, 14]. 1) Neumann’s boundary condition,
2) Continuous boundary condition which can be math-
ematically expressed as

n-(B"-B*)=0 (6)
nx (H™-H")=0 7)
nxH=0 (8)

n is the normal unit vector at the interface between
two adjacent regions, i.e., i+, i-. According to Neu-
mann’s boundary condition, the derivative of an un-
known function has a certain value on a given bound-
ary. Therefore, the perpendicular component of H vec-
tor at PM region at the boundary adjacent to mover
back iron with infinite permeability and the tangential
component of magnetic field intensity on both sides of
slots adjacent to stator iron with infinite permeability
should be zero. Also, the tangential component of H
vector is zero at the slots's bottom.

1 04! (r.6)

Hl(x,y)| =———"2—— =0 (9
v, MM, oy y,

:LBA;(x,y) o

H;(x.y)
v My Y |y,

(1)

The perpendicular component of B vector and the
tangential component of H vector are continuous at
the boundary between the PM region and the airgap,
as well as at the boundary of the airgap and slot.

yW, :B;, (x >V )

v, (12)

H” (x,y )‘y:Wm:H: (x’y )‘y:Wm (13)
yaw, = yw, (14)
a H x .y y,
TS EDSLCR
0 otherwise (15)
k=1,2,..N,

2.3. OPEN-CIRCUIT GENERAL SOLUTIONS

To find an analytical solution to Poisson’s equations,
the magnetization vector of the magnets must be
available. In Cartesian coordinates, the magnetization

vector can be defined as
M= Mx(x)ax + My(x)ay (16)

where d _and a d, are the unit vectors along the x and
y axis. Accordlng to Fig. 2, since the parallel type of the
magnetization pattern is considered, M, and M, can be
expressed in terms of their Fourier series expansions as

M, ZMyh cos("L’;‘;’ (x —xr))
i[ " cos(};’;’z’ )}xcos(u2 )
+2[ sm(hT ﬂxsm(’;’;‘;’x)

(17)

M, - 21}5’1, l:sin(/’l”/z)‘”in[h”(l_%)ﬂ (18)

. —104; (x, Hoh 7t
H(x.y) e ) =0 (10) '
. Lol /UO ox _oLal
3w £ xoxg o M, (x)=0 (19)
M, (x)
=2 - o®
Br-/tu(l L[l—a—}’) Br/l”o
5 Lf2
: »p(x—x,)
a,L /4 P "
_Br//'lo

Fig. 2. Parallel magnetization Pattern. Note that M (x)=0
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where B_is PM remanence flux density, a, is the PM
width per pole pitch ratio, M, is the hth element of
My(x), and X =V X, is the spatial position of the mover
where x_ is its initial position.

In the case of open-circuit field prediction, if n=hp
the homogeneous and particular solutions of the Pois-
son’s equation in the permanent magnet area are ex-
pressed as

Azn,h (an’):

» Zn/ry —Zmry
m L m, 1 . (2n7
z a’e +be ><sm(L x)

n=1

ZnJy 72n/ry
+clet +dle t xcos(ZZ”x)

(20)

A7, (x.y)=
1)

L

LM};,, sin(zil'x,_ )cos(z"”x )}-r
z

L”Myh cos(27x, )]sin(zz"x )
Applying the boundary condition (9) yields
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The solution of PDEs at the airgap and slots are ex-
pressed as

N LI “2nr
> i|ale t +bie t xcos(ZZ”x)

n=1
2n7!y 72ﬂﬂy (23)
+{c;’eL +dle * }xsin(zz”’x)}
; S ; %ﬂy k 7LM'V
A (v.y) =Dl tet wbpte
u=1
(24)
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For ease of the numerical computation, the equation
(24) can be rewritten as

AF (x,»)=

—UT. ur urnr, —Uunw
< s,k L b Z}: s.k ZWS L 4
Z a’e e +b'"e e

u=l
(zm( k Ls jj}
X COS . X =X, +
s 2
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Applying the boundary condition (11) yields
A (x,»)=

Ul sk 4”1"'”1“ I;ly %(bews) ZJY
z a"‘ e e +e e

2.4. APPLYING BOUNDARY CONDITIONS
TO CALCULATE INTEGRATION
CONSTANTSTEGRATION CONSTANTS

Based on the obtained equations, the number of in-
tegration constants is 6N+N U, where N and U are the
number of harmonics used in the general solutions for
magnet, air gap and slot areas, respectively. In order to
calculate integration constants, the boundary condi-
tions stated in (12-15) must be applied.

Using the boundary condition (12), yields

2nrw 2nw
2nw = =, ,)
1 e L L

a, +e
L
(27)

— W 2nm
}:uOMW cos( - x,_)

et +hle L "l:—qu,w sin(77x,)  (28)

Applying the boundary condition (13) yields

My, P o, ,,)
m L L
c)le —e

(29)

ELLS 2R o, ,,)
L L
e —e

(30)
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Applying the boundary condition (15) and using the
correlation technique, yields

(32)

(33)

Finally, since B=VxA, the air-gap MFD can be ex-
pressed as

| 2nrx 2y, 2y |
Z{T{aseL " +ble L F ><51n(2'27”x) (34)

=~ a I W gm 2nx
+d’e xcos( 7 x)

N 2 2nw,. 2nrx_ .
niw B TW o i TW o 2nr
Z{T{ane -ble xcos(¥7x) (35)
2nrx 2% W g .
+ " c%e L " —dle L ><sm(2"_”x)
L n n I

where W, is the air-gap middle width.

3. CASE STUDIES

Two slotted PMLSMs with parallel magnets have
been considered to clarify the functionality of the pre-
sented approach. The results obtained from FEM and
analytical method are compared.

FEM is a powerful numerical method for the analysis
of electrical machines, in which the problem domain
is discretized into finite elements by meshing and the
governing equation for each element is solved numeri-
cally. Therefore, the quality of the mesh is critical in FEA
and directly affects the accuracy of the results. To in-
crease the accuracy, a denser mesh pattern should be
used for the air gap region. ANSYS MAXWELL was used
to model and analyze the considered PMLSMs.

Volume 16, Number 9, 2025

The parameters of the considered PMLSMs are given
in Table 1. The perpendicular and tangential compo-
nents of the open-circuit magnetic flux density at the
air-gap centerline are illustrated in Figs. 3-6. As it is ob-
vious, the results obtained from the proposed method
are very similar to that of obtained by the FEM. Figs.
3 and 4 illustrate the obtained results, respectively, for
two different mover positions of the first studied mo-
tor, i.e. x,=0 and x,=L/3. Similar results for the second
studied motor are shown in Figs. 5 and 6 at different
mover positions, i.e. x,=0 and x0=L/5.

Table 1. Parameters of the considered PMLSMs

. Value Value .
Parameter Explanation (1stmotor) (2nd motor) Unit
w Mover core 0012 0012 (m)
r thickness : :
Wp PM height 0.005 0.005 (m)
w, Air-gap length 0.001 0.001 (m)
w, Slots height 0.025 0.025 (m)
L Motor length 0.216 0.2 (m)
PM remanence
B, flux density 123 123 M
N Number of stator 9 12 .
s slots
» Number' of pole 4 2 )
pairs
a Slot \{Vldth t(_) slot 054 06 .
s pitch ratio
a PM V\{Idth tq pole 07 08 )
» pitch ratio
15

Air gap magnetic flux density (T)

0.072 0.108 0.144 0.18
Spatial position (Meter)
FEM  Analytical

0 0.036

0.216

A ———  Perpendicular component

o ——— Tangential component

Fig. 3. Components of air-gap MFD obtained for the
first linear motor (x,=0)
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Air gap magnetic flux density (T)

15 L L L .
0 0.036 0.072 0.108 0.144 0.18 0.216

Spatial position (Meter)
FEM  Analytical
A ———  Perpendicular component

o ——— Tangential component

Fig. 4. Components of air-gap MFD obtained for the
first linear motor (x,=L/3)

Air gap magnetic flux density (T)

"o 0.0333

0.0667 0.1 0.1333 0.1667 0.2
Spatial position (Meter)
FEM  Analytical
A ———  Perpendicular component
o ——— Tangential component

Fig. 5. Components of air-gap MFD obtained for the
second linear motor (x,=0)

Air gap magnetic flux density (T)

) 0.0333

0.0667 0.1 0.1333
Spatial position (Meter)

FEM  Analytical

A ———  Perpendicular component

o ——— Tangential component

Fig. 6. Components of air-gap MFD obtained for the
second linear motor (x,=L/5)
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4. CONCLUSIONS

Analytical methods based on mathematical equa-
tions can be an effective tool in optimization processes
due to the reduction of the computational volume,
provided that the simplifications made do not sacrifice
the accuracy of the problem. In this paper, open-circuit
magnetic field is calculated analytically for slotted
PMLSMs with surface-mounted magnets. The paral-
lel magnetization pattern is used and the Poisson’s/
Laplace’s equations are expressed for all regions to
calculate the magnetic field distribution. Two different
PMLSMs with (8-pole, 9-slot) and (4-pole, 12-slot) are
considered as case studies and the results are verified
by FEM. These solutions can also be used to calculate
the crucial quantities of the machine such as back-EMF
and cogging force. For further studies, it is recommend-
ed that this method be extended to armature reaction
field calculations.
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